We consider the covariant Spectator equation with an appropriate OBE kernel, and apply it to the NN system. We develop a method, based on the Padé method,to solve the Spectator equation without partial wave decomposition, which is essential for high energies. Relativistic effects such as retardation and negative energy state components are considered. The on-and off-massshell amplitudes are calculated. The differential cross section obtained agrees fairly well with data at low energies.
I. INTRODUCTION
The interpretation of electron scattering experiments, off light nuclei at high momentum transfer (few GeV/c), will provide new information on the intermediate and short range behavior of the nuclear interaction, establishing an important challenge to relativistic theoretical models. Indeed, at these regimes, theoretical descriptions of the adequate hadronic degrees of freedom have to be based on both relativistic kinematics and dynamics.
Over the past years different relativistic formulations have been investigated for application to light nuclei, which can be classified in two major categories: Relativistic Hamiltonian Dynamics and Relativistic Field Theories. In the first one, not considered in the present paper, relativistic covariance is achieved through the Poincaré Group algebra, and basically two alternative forms are considered [1] : the light-front form and the instant form. The latter is developed within a Schrödinger equation framework which can be solved by variational Monte Carlo techniques, as done recently for the 3-and 4-nucleon systems [2] [3] [4] .
The second category methods, on which we will concentrate here, are based on covariant field theories with nucleon and effective meson degrees of freedom. The non-perturbative character of the nuclear interaction definitely requires an infinite sum of meson exchange diagrams. This series can be summed effectively by means of integral equations, which assigns to the Bethe-Salpeter (BS) equation [5] a predominant role in the relativistic description of the NN problem.
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The BS equation is a manifestly covariant 4-dimensional integral equation. In principle, its interaction kernel should include all irreducible diagrams derived from a considered Lagrangian, which is clearly out of the scope of present calculations. This limitation determines inevitably the truncation of the kernel expansion. Only a restrict set of appropriate meson exchange diagrams is then kept. An usual approximation consists on restricting the integral kernel to a sum of One Boson (Meson) exchange diagrams, which is often called the Ladder Approximation. Nevertheless, the validity of the OBE approximation has been questioned many times. In fact, it has been shown that the one body limit is not recovered when one of the particle masses goes to infinity [6, 7] . On the other hand, the importance of the crossed-box irreducible diagram has concerned many authors. Calculations were made meanwhile where the contribution of the pion crossed-box amplitude is considered in an effective way. Those calculations were restricted to the bound state of scalar particles [8, 9] . For the same problem, the BS equation has been solved within the pion ladder and crossedladder approximation, using the Feynman-Schwinger formalism and Monte Carlo techniques [10] .
The difficulty of solving the BS equation beyond ladder approximation, specially for fermions, lead to the development of covariant dimensional reductions, imposing restrictions on the energy variable, from which 3-dimensional integral equations, known as QuasiPotential (QP) equations, are obtained. Since there are no first principle rules to dictate how this reduction should be performed, a large ambiguity gives room to many options.
In Ref. [11] we performed a thorough comparison of the most important QP equations, namely the Blankenbecler-Sugar [12] , the Thompson [13] , the Erkelenz-Holinde [14] , the Equal-Time [15] and the Spectator [16, 17] . A realistic OBE interaction has been used and relativistic effects such as retardation and negative energy state contributions were analyzed. These two effects interfere in a constructive way, both in the real and imaginary parts of the amplitudes. At low energies, the Spectator equation generates the results closest to the non-relativistic ones, while the Blankenbecler-Sugar equation deviate the most.
A detailed study of the Spectator equation has been performed in Ref. [18] . The analysis therein addressed the issue of the OBE approximation and of possible effective inclusions of the pion crossed-box diagram in the integral kernel. In fact, the Spectator equation is motivated by the assumption that important cancellations between pion box and crossed-box amplitudes occur. These cancellations mean that their sum is dominated by the contribution to the ladder diagrams of the mass pole of the heavier particle or, for equal interacting masses, by the combination of the corresponding mass poles. In the first case, the spectator prescription consists of replacing the sum of the ladder and crossed-ladder diagrams by the ladder diagrams alone but with the massive particle on its mass shell. In the second case, a symmetrized combination of the ladder diagrams with one of the interacting particles on its mass shell is required.
For scalar interacting particles in the one-body limit the above cancellation is proved to be exact order by order [6, 7] , meaning that in specific this case the spectator prescription is completely equivalent to the BS equation with ladder and cross-ladder series. When one of the masses, although finite, remains much larger than the other, the prescription is a very good approximation to the exact BS equation, as shown by Maung and Gross [19] . For equal masses it may be shown that the approximation is still reasonably good [20] .
In nuclear applications the spinor structure of the nucleon is essential and the vertex in-teraction includes a Dirac matrix structure. Moreover, for pion exchanges with pseudovector coupling (PV), the coupling supported by chiral symmetry arguments, the integral equations diverge, forcing the adoption of regularization schemes of some kind. The most common regularization procedure consists in the inclusion of form factors, which can also be justified as an effective way of representing the internal structure of the hadrons. In the work of Ref. [18] one concluded that, provided adequate form factors are used, the terms present in the sum of pion box and crossed-box diagrams, and neglected in the spectator prescription, can be fairly represented by one heavier boson exchanges. This conclusion supports the use of the Spectator equation, along with an appropriate OBE kernel, for applications to the NN system. The previous paragraphs define the motivation and the goal of the present work: we develop a method to solve relativistic QP equations for the NN system, in particular the Spectator equation, without partial wave decomposition, which is essential for high energies. A realistic NN interaction is used and relativistic effects such as retardation and negative energy state components are considered.
In Sec. II a detailed presentation of the Spectator equation for fermions is given. The NN interaction is also discussed, as well as the strong form factors required for the integral regularization. In Sec. III the method to solve the integral equation without partial wave decomposition is explained. In Sec. IV checks to the numerical method are presented, and results for NN on-mass-shell amplitudes, NN differential cross section and NN off-mass-shell amplitudes are shown and discussed. Finally, in Sec. V conclusions are drawn.
II. SPECTATOR EQUATION FOR FERMIONS
The scattering process of two nucleons with mass m, relative initial and final 4-momenta p and p ′ , and total 4-momentum P is described by the scattering amplitude M α ′ β ′ ,αβ (p ′ , p; P ). α ′ and β ′ represent the final state Dirac components of particles 1 and 2 respectively, and α and β of the initial state by the same order. The interaction kernel is represented by V α ′ β ′ ,αβ (p ′ , p; P ). The relation between the particle momenta p 1 , p 2 and the relative and total momenta p and P is the usual one:
In our applications we consider the c.m. reference frame, where the total energy is represented by W (in c.m. frame P = (W, 0)). When both particles are on-mass-shell the relative 3-momentum is represented by p and then W = 2E p .
A. Spectator Equation
The Spectator equation was proposed by F. Gross in 1969 [6] to determine the scattering amplitude for both scalars and fermions. In its original form only one particle is placed on-mass-shell in the intermediate state. To satisfy the Pauli principle Gross, Van Order and Holinde presented in 1992 [16] a new version consisting of a set of two coupled equations which takes into account the fact that the particles are identical. This set couples two scattering amplitudes: one amplitude where particle 1 is on-mass-shell in both initial and final states; the other amplitude where particles 1 and 2 are on-mass-shell in the initial and final states respectively. The diagrammatic representation is displayed in Fig. 1 .
However, our goal is to evaluate the scattering amplitude with both particles on-massshell in the initial state, and in these conditions the two equations coincide. Therefore, hereafter, we will consider only the first of the two equations.
Analytically the scattering equation corresponding to the amplitude where particle 1 is on-mass-shell in the initial and final states can be written as
is the anti-symmetrized kernel and the factor δ = (−1) I , where I the total isospin of the 2-nucleon system, ensures the correct anti-symmetrization. Here we used the following property verified by all relativistic kernels [16] :
is the 2-nucleon Spectator propagator given by 6) where Λ α 1 α 2 (k 1 ) is the particle 1 positive-energy projector and G β 1 β 2 (k 2 ) the particle 2 Dirac propagator. In Eq. (2.3) the asymmetry due to the propagator G is only apparent, since the anti-symmetrization is implemented by means of the kernel (2.4).
To write the scattering amplitude in terms of the helicity and ρ-spin we must perform the change of basis:
where λ 1 and λ 2 are the initial helicities respectively for particles 1 and 2; by the same order λ In the above equation 11) represent the initial and final states. The helicity states are constructed similarly to the ones of Refs. [34, 35] . The explicit expressions are presented in Appendix A.
To proceed ones uses the following identities
The operators Λ 1 (k 1 ) and G 2 (k 2 ) are now written in terms of the relative 3-momentum k and total energy W . Using Eqs. (2.7), (2.12) and (2.13) we can finally write Eq. (2.3) in the helicity and ρ-spin basis:
The diagrammatic representation of the Eq. (2.14) is given in the Fig. 2 .
B. NN Interaction
The kernelV contains two terms (see Eq. (2.4)): the direct term and the exchange term which are represented in Fig. 3 . In this work we use an OBE kernel including π, σ, ρ and ω meson exchanges. Although more mesons can be added, the ones considered are enough to reproduce the majors features of the NN interaction.
In general, the direct term can be written as
where, for a meson i, g i is the coupling constant, µ i the meson mass and F i (p ′ , k) the strong form factor. The vertex functions Λ j (j = 1, 2) are described below. The strong form factor functions are discussed in section II D. The momentum transfer q verifies
for isoscalar mesons and
for isovector mesons.
In turn the exchange term can be written as
where the momentum transfer q is now given by
For π exchange we consider a mixture of pseudo-scalar (PS) and pseudo-vector (PV) couplings, meaning:
where 0 ≤ λ ≤ 1 is the admixture parameter. For the σ scalar meson exchange we take 24) where I represents the unity matrix in the Dirac space. Finally, for the ρ and ω vector meson exchanges we use
In this equation k v is the tensorial-vector coupling ratio. The ρ and ω mesons are isovector and isoscalar respectively. For these vector mesons, and due to their propagator structure, an extra factor comes into Eq. (2.17) (see Appendix C).
The kernel parameters are presented in table I. The m π , m ρ and m ω parameters are fixed by the experimental values for physical mesons. The remaing 11 parameters can be fitted to data and the values used are close to the ones of Ref. [16, 17] . Explicit expressions for V can be found in Appendix C.
C. Prescription for the Exchange Kernel
When particle 1 is on-mass-shell with positive-energy the momentum transfer reads: 27) respectively for the direct and exchange terms. We may then conclude that, while the direct term has no singularities in the meson propagators (we have always µ 2 − q 2 > 0), the exchange term can have the singularity corresponding to the on-mass-shell meson state (µ 2 = q 2 ). The condition µ 2 = q 2 indicates a real meson production through the offmass-shell nucleon states. But since a meson production process is not allowed below the pion production threshold, the singularity of V has no physical correspondence and is a consequence of the anti-symmetrization of the kernel (see Eq.(2.4)). As shown by Gross et al this spurious singularity is cancelled by higher order diagrams [16] .
Principal Part and Energy Independent Prescriptions
In order to solve the problem of the spurious singularity in the anti-symmetrized Spectator equation, two procedures have been proposed so far [16] :
• the "principal part prescription": the singularity is included but only the Principal Part of the integral is kept. This corresponds to the replacement
• the "independent energy prescription": the momentum transfer is modified in order to remove the singularity. This amounts to the replacement
that is the momentum transfer is the same for the propagator in both direct and exchange diagrams, leaving the meson propagator denominator independent of the two-nucleon system energy W (see Eq. (2.26)).
On-mass-shell prescription
Eq. (2.27) can be rewritten as follows:
The last term of this equation generates the spurious singularities mentioned above, and vanishes when both particles are on-mass-shell either in initial state (W = 2E k ) or in final state (W = 2E p ′ ). We therefore define the "on-mass-shell prescription", where we take for − q 2 the expression
With this choice the exchange kernel V is consistent with the Feynman rules in the on-massshell limit. This is a physical argument in favor of the proposed prescription. Furthermore, the plus sign in Eq. (2.29) means that if a particular interaction is dominant in the forward direction in the direct term, the exchange term dominates in the backward direction, as it happens for interactions mediated by scalars. However, this property is not satisfied by the "Energy Independent prescription", where the exchange kernel q is replaced by the direct kernel momentum q. We point out that, since q is not constructed any more in terms of two 4-momenta, the kernel symmetry (2.5) is no longer verified. However, the above expression can always be written in a covariant fashion, and therefore there is no breaking of covariance. Note that the "on-mass-shell prescription" is also energy independent.
D. Strong Form Factors
Nucleons are not elementary particles and their hadronic structure has to be taken into account. In the impossibility of obtaining the description of the nucleon structure directly from the QCD Lagrangian, or even from effective models inspired on constituent quark structure, the compositeness of the nucleons is currently described, along with radiative corrections, by means of phenomenologically fixed form factors. Mathematically, such form factors provide the necessary regularization of the integrals for the high order loops.
Riska and Gross suggested the decomposition [24] 
where q = p ′ − k is the transfer momentum, f m i is the form factor of meson i and f N the nucleon form factor. Those authors argued that the factorization is appropriated to describe the electromagnetic interaction with nucleons, and that the scalar functions f N and f m could be interpreted as strong interaction vertex corrections and self-energy contributions of nucleons and mesons. As shown [18] , however, some care has to be taken in the functional forms of the form factors considered in the above factorization. In fact, the most used momentum dependence of f N [16, 17] induces additional spurious singularities in a 4-dimensional framework, which can be eliminated by distorting conveniently the contour for energy integration around them [25] . These spurious singularities, however, do not occur within a QP context.
In this work we solve the scattering equation without partial wave expansion. The method developed for this purpose is presented in section III. A careful study of the integrand function had to be performed in order to determine form factor functions adequate for the convergence of the method. For the meson form factor our choice is
where Λ m i is the cut off of meson i. Note however, that by construction the functions f m i (q 2 ) only modify the kernel for large q 2 (for q 2 = 0 we have f m i (q 2 ) = 1), and do not suppress the large momentum dependence of V(k, k; P ).
For the f N form factors we take 33) being Λ N the nucleon cut-off. The f N functions regulates the asymptotic behavior of both V(k, k; P ) and V(k, p; P ). The factorization (2.30) has been applied by Gross and collaborators in several applications of the Spectator equation [16, 17] . The function (2.32) with n = 1 has been used for the first time in Ref. [17] and kept in Spectator equation applications since then. The meson form factor used in the same applications differs from (2.31) for large q 2 . The factorization (2.30) with the presented f m and f N (n = 1) forms has been also used in Ref. [26] , but in an instantaneous quasi-potential framework (where k = (0, k)).
We remark tha the f N functions were crucial for convergence. In the present calculation we found that to solve the Spectator equation without partial wave decomposition the value n = 1 was not large enough to allow the convergence of M(k, p; P ) for large k. We had to take n = 2.
III. SOLUTION OF THE INTEGRAL EQUATION WITHOUT PARTIAL WAVE DECOMPOSITION
In order to solve the scattering equation analytical or numerically we need to specify the scattering conditions, that is the initial and final momenta. We choose a reference frame where the incoming momentum is along the z axis and express the initial, final and intermediate momenta in terms of spherical coordinates
where p ′ = |p ′ |, p = |p| and k = |k|.
A. Integration of the Azimuthal Angle
To perform the ϕ integration we need to know the effect of a ϕ rotation around the z axis on the scattering amplitude. In Appendix B we show that:
where the p angles are omitted by simplicity. Inserting Eq. (3.4) in the Spectator Eq. (2.14), and taking ϕ ′ = 0, we can factorize the ϕ dependence obtaining
can take the values 0, ±1. The scattering equation, Eq. (3.5), is now in 2-dimensional form and includes the propagator function g ρ (k; W ) which has a real pole at k = p (W = 2E k ) for ρ = +. Performing the contour integration we obtain
In this equation we use g ρ ε=0 (k; W ) to represent the ε = 0 limit of g ρ (k; W ) (see Eqs. (2.15)-(2.16)). The multiplicative factor of the last term is a result of the residue
In Eq. (3.8) only the function g + (k; W ) has a singularity but we include the principal part symbol P also for ρ = −1 for the sake of simplicity.
The ϕ-integration (3.6) can be performed either analytical or numerically. We choose the analytical integration in order to minimize computing time. The complexity of the analytical expressions depends crucially upon the f m form factors. Relatively simple results are obtained for the monopolar choice (2.31). In this case we can write Eq. (3.6) as
where Γ = 0, ±1, ±2, and C Γ is a known coefficient. Any term of the last equation is easily integrated over. Details of the analytical structure of the kernel can be found in Appendix C and the main steps for the analytical integration are given in Appendix D.
B. Numerical Method: Padé Method
The relevant variables in the scattering equation (3.8) may be emphasized by the following convenient change of notation: we denote each of the eight possible helicity and ρ-spin combinations by a single index
} and I 0 = {ρ 2 , λ 1 , λ 2 }, according to table II (I ′ , I k and I 0 have nothing to do with the total isospin I); we ommit the total energy W , incoming momentum p and total isospin I dependences. We perform the following replacements substitutions
(3.12)
Finally Eq. (3.8) simplifies to
In order to obtain a numerical solution of Eq. (3.13) we carry out a discretization of the integral variables, k ∈ [0, +∞[ and v ∈ [−1, 1], and use a gaussian quadrature integration technique. We choose a grid of N p + 1 for all momenta, p ′ , k and p, and a grid of N u + 1 for the angular variables u and v. With this discretization procedure we transform the integral equation (3.8) into an algebraic set of equations:
where M and V are the matrix vectors M I ′ ,I 0 (k i ′ , v j ′ ) and V I ′ ,I 0 (k i ′ , v j ′ ). The C matrix can be decomposed as C = A + B. For I k = 1, .., 4, we have
For I k = 5, .., 8, we have
In the previous equations w ′ i and h j are respectively the gaussian weights for the variables k i and u j . The momentum grid is obtained from a x i ∈]0, 1[ grid by achange of variable
where typically we take Λ ≃ 0.5 m. In order to determine the on-mass-shell forward scattering amplitude we add the points k Np+1 = p and u Nu+1 = 1 with zero weight. The dimension of the above matrices is n = 8(N p + 1)(N u + 1), which is a large number when N p and N u are of the order of twenty. Therefore, a standard matrix inversion method requires a large computer memory (for double precision complex numbers) bringing in numerical complications. To overcome this limitation we use instead the Padé method, which gives a fast estimate of the result of the Born series for the coupled set of equations 23) where the λ parameter is introduced by convenience and set to 1 at the end of the calculation. The usual power expansion for 2N + 1 terms reads
The M (i) vectors are evaluated by
and any element m of the M vector given by
is approximated by a rational function of λ
where the 2N + 1 a l and b l coefficients are determined through the 2N + 1 m l coefficients, after equating Eqs. (3.27) and (3.28) [21] . This method is known in the literature as SPA (Scalar Padé Approximant) [22] and m P ade denotes the Padé[N, N] result. The advantage of the Padé method is that it replaces the matrix inversion by a fast estimate of the Born expansion, where all terms are evaluated as a matrix-vector multiplication. This multiplication can be performed as n dot-products of two vectors of n dimension. Therefore the calculation requires memory to allocate only 2n, instead of n 2 , complex numbers. This reduces substantially the dimension of the problem. The price to pay is the recalculation of the matrix lines.
IV. RESULTS AND DISCUSSION
The scattering amplitude is solved without partial wave decomposition and by the Padé method presented in the previous section. The NN interaction, the strong form factors and the "on-mass-shell prescription" for the exchange kernel, presented in Sec. II, are used. In this section we discuss the results obtained for the on-and off-mass-shell amplitudes and for the differential cross section. The convergence of the amplitudes has been carefully examined, and the iteration procedure stopped when both real and imaginary parts of T converge with a relative error lower than 10 −2 . Several other checks to the method have been made and are described in detail in Ref. [23] . The calculations has been also tested through the Optical Theorem:
Note, however, that the optical theorem only probes the on-mass-shell amplitudes.
A. Properties and Symmetries of the Amplitudes
Using the parity, time reversal and particle interchange symmetries we can decrease the number of independent amplitudes [28] . In particular, using parity invariance we can reduce the 16 helicity amplitudes with ρ ′ = +1, ρ = +1 states to 8:
In the case ρ ′ = −1 the right hand side should include the phase (−1)
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The above relations are valid either p ′ is on-or off-mass-shell. Restricting to the onmass-shell situation, further relations arise:
The last identity is valid only for identical particles (exact isospin symmetry). As a result we are left with only 5 independent amplitudes. We point out that these relations are independent of the interaction used and of any prescription adopted, and are merely a result of the symmetries required above.
B. On-mass-shell Amplitudes and Differential Cross Section
Asymptotically the state of the two nucleons is characterized by the individual isospin states. Therefore, for the np system, we must consider
where
represents the anti-symmetrized matrix M with a total isospin I. Results obtained, at a fixed energy T lab = 304 MeV, for all independent channels are presented in Figs. 4 and 5 for both real and imaginary parts. In the same figures we present the PWA93 results (the PWA93 is a high quality fit partial wave analysis of data below 350 MeV, χ 2 = 0.99) [29, 30] . We imposed on the numerical calculation the criterium that the optical theorem has to be satisfied with an error always smaler then 10 −2 . A grid of N p = N u = 20 points is thus required. For the helicity λ 1 λ 2 = +− channel we need 13 terms for I = 0 and 9 terms for I = 1. For the λ 1 λ 2 = ++ channel 17 terms for I = 0 and 13 terms for I = 1 are necessary.
From Figs. 4 and 5 we realize that the results follow well the angular dependence of the PWA93 ones. This is true for both real and imaginary parts of the scattering amplitude. An even better agreement may be expected after a fine tuning of the parameters of the present model, which was not our main concern at this stage.
In Fig. 4 we show the M 5 and M 6 amplitudes. As mentioned above these amplitudes should be symmetric for identical particles, according to eq. (4.12). This is true for the present model but not for the PWA93, where isospin violation effects are considered explicitly.
After calculating all the on-mass-shell polarized amplitudes we can evaluate the differential cross section
(4.14)
In this equation |T np | 2 is given by
which corresponds to an average over the initial helicity states and a sum of the final ones. The values obtained for T lab = 304 MeV are shown in Fig. 6 in comparison with available experimental results. The qualitative agreement between our results and the data suggests that, although a fine tuning of the model parameters may be needed for precision calculations, the method developed in the present work is reliable and promising.
C. Off-mass-shell Amplitudes
The off-mass-shell T Note that the on-mass-shell region corresponds to the line p ′ =0.378 GeV. It is interesting to note that the off-mass-shell region is very important for all channels. In fact the magnitudes of some amplitudes are important up to momenta of the order 1.5 GeV, much larger than the on-mass-shell momentum. It is also important to point out that the amplitudes involving transitions to negative energy states, ρ ′ = −1, have magnitudes of the same order of the ρ ′ = +1 amplitudes. Therefore, degrees of freedom corresponding to negative energy states have considerable weight within covariant effective field theories, and they are part of the effective low energy non relativistic potentials.
V. CONCLUSIONS
Aiming the development of relativistic methods for applications to the NN system, we considered the Spectator equation for nucleons. Its solution depends on the helicities of the particles, as well as on their ρ-spins. The last index characterizes the component of the off-mass-shell particle propagator, being ρ ′ = +1 for the positive energy state component and ρ ′ = −1 for the negative energy state component. The equation used in this work differs from the original Spectator equation in the choice for the form factors and in prescription adopted to treat the exchange kernel. When both particles are on-mass-shell the present prescription gives rise to the kernel directly obtained from the Feynman rules This is an important characteristic in view of possible applications to problems where the fields are not effective, for instance thebound state and the quark and gluon exchange diagrams in ππ scattering.
To solve the QP equation without partial wave decomposition we have used the Padé method, which, for T lab < 350 MeV, is very efficient with a fast convergence. The regularization of the integral forced the adoption of form factors for nucleons in addition to the standard mesons form factors.
With a realistic OBE interaction we have obtained results for the differential cross section which, at low energies, are very close to data. This fact shows that the Padé method devoloped in the present work is suitable for the solution of the integral equation without partial wave decomposition, which is crucial at high energies. Beyond the ρ ′ = +1 amplitudes involved in the cross section calculation, we have also calculated the ρ ′ = −1 amplitudes related to processes involving one off-mass-shell particle. These amplitudes are significant and may be used in the calculation of meson production cross sections [31, 32] and of the 3 He(e, e ′ )X reaction observables for 1-10 GeV energies [33] .
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with the normalization
The Pauli spinors of the particle 1 and 2
are related by
Initial and final state Pauli spinors are presented in table III.
Negative-energy spinor states
The negative-energy spinors are constructed from positive-energy states using the charge conjugation operator C [16, 34, 35] :
where C = −iγ 0 γ 2 and T indicates matrix transposition. The relative factors are introduced by convenience. As result
In this section we derive the relation between the scattering amplitude on the scattering plane M
and the scattering amplitude on a rotated plane characterized by ϕ ′ -rotation in the z axis
Thus, we consider the Lorentz transformation
corresponding to a ϕ ′ rotation in the z axis. The correspondence between the spinors before and after this Lorentz transformation is
where S(Λ) is the operator that transforms the u, v-states in the Λ Lorentz transformation and D is the usual D 1/2 Wigner matrix in terms of the rotated angles (see Ref. [36] ). The rotation operators are given by
In the last equations H p is the operator that transforms a 4-momentum (m, 0) into p = (E p , p). The operation can always be written in a sequence of a boost (L p ) and a rotation (Rp)
After the Lorentz tranformation has been done the following relation between the original and the rotated scattering amplitudes is obtained
for more details see and Appendix B of Ref. [16] . Transposing (B7) to the helicity representation according to eq. (2.7) and using the operator rotation properties and the invariance of permutation between boost and rotation operators related to the same axis, we finally conclude that
APPENDIX C: KERNELV
In this Appendix we describe the analytical structure of the kernel with the OBE form. As mentioned before, for any isospin state I, the kernelV contains the direct (V) term and the exchange kernel ( V) term:
For meson i the direct term is given by
where the exchange momentum is
For vector mesons we have to undertake the substitution
Similarly for the exchange term we have
where, according to the "on-mass-shell prescription" the exchange momentum is
For vector mesons the replacement is now
The calculation results are presented in Sec. C 1 for the direct term and Sec. C 2 for the exchange term. To simplicity we do not explicit the parameters involved but only the analytical structure.
Direct Kernel
We will write direct kernel by means of the following auxiliary functions
The Z 
c. Vector mesons
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The coefficients r l (l = 0, .., 4) are functions of the momenta p ′ , k, of the indices λ
Exchange Kernel
For the exchange term we use the auxiliary functions
where c l (l = 0, .., 2) are known coefficients depending on the scattering conditions and on the helicities states. We can write
where the function F 0 (n) is defined as
and n are n = 0, ±1, ±2.
b. Vector mesons
For vector mesons the function R can be written as a linear combination of the terms
and
where α 1 , α 2 = 0, .., 3. The first term is reduced to the non vector case discussed in subsection D 2 a, because Z
2 can also be written as
with appropriated coefficients. The second term can be decomposed in 3 cases considered as follows:
In this case we need to integrate factors like (k sin θ) cos ϕe inϕV (ϕ), and the corresponding term of V , which we label V 1 is
whit n = 0, ±1 ± 2.
Case 2 (k 2 = k sin θ sin ϕ)
We have also to consider terms like (k sin θ) sin ϕe inϕV (ϕ), from which results for the corresponding V , which we label V 2
The F 2 function is defined as
with n = 0, ±1, ±2.
Case 3 (k 3 = cos θ)
No new ϕ-dependence appears. This case reduces to the non vector meson case.
Functions F l (n)
The functions F l (n) with l = 0, 1, 2 can be written in terms of the integrals 
